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About this project

NSERC - USRA project

@ Collaborators
» Jonathan Chang

» Ryan Sandford
» Supervisor: Chris Kapulkin

@ Formalization found on Github

» Contains formalizations of results in HoTT book, optimized proofs, and
new material

» gebner/hott3

Paper forthcoming
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Formalizing HoTT

@ Formalization?
» Coq, Agda

@ We will be using Lean 3
» HoTT for Lean 3 library

@ Demo: ap and naturality of homotopies.
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Lean and ap

@ Forf :A— Band x,y : A,

fl-1: (x=y) = (& =f).

e For p,g: x=y,

fI-1: (p = q) — (flp] = flq])-
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Lean and homotopies

o For f,g :[[,.ABx
ng:EHfX:gX.
x:A
@ For H:f ~gand x: A,

Hy : fx = gx.

Proposition
Forf,g:A— B, H:f~gandp:x=y, the following diagram

commutes.

x —>f [Pl fy

—
£ glp] &
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Using Univalence

Lemma (Equivalence Induction)

For P:[lppy(A~B)—Uandf:Ax~B,

P(A, A,ida) — P(A, B, f).

Lemma (Based Homotopy Induction)
Given f : A — B, the types

Z f ~ g and Z g~ f

g:A—B g:A—B

are contractible with center (f, refl).
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Equivalence of types?

Definition
For f : A— B, f has a quasi-inverse if:

qinv f:= ) (gf ~ida) x (fg ~ idg).

g:B—A
A~ B .= v f7  No good
fA>B
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Half Adjoint Equivalence

Definition
For f : A— B, f is a half adjoint equivalence if:

ishadj f:= > > Y flp]~er

g:B—A nigf~idy e:fg~idg

fgf
f > f

reflg
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Left Half Adjoint Equivalence

Definition
For f : A— B, f is a left half adjoint equivalence if:

ishadjl f := Z Z Z ng = glel.

g:B—A n:gf~idy e:fg~idg

gfg
N
g g

reflg
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How they interact?

~

ishadjl f = ishadj f

~.

qinv f
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ginv is not a proposition

Theorem
For f : A— B, an equivalence,

qinvf:Hx:x
x:A

Proof.

ginvida= Y (g ~ida) x (g ~ida)
g:B—A

~ Z Z g ~ida

g:B—A n:g~ida

~ Z priu ~ida

Uy, g n8ida
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ginv is not a proposition

Theorem
For f : A— B, an equivalence,

qinvf:Hx:x
x:A

Proof.

ginvidg ~ Z priu ~ida

Uy .pa8~ida

~idg ~ idg
EHX:X. L]
x:A
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ginv is not a proposition

Corollary

ginv ids1 is not a proposition.

Proof.

By previous theorem, it suffices to show [[,.s1 X = x is not a proposition.
We know 1(St) = Z, so construct h, b’ : [[,.q1 X = x s.t.

hbase = refl base

/ _ . —
base = l0Op : base = base.

reflpase 7~ loop so h # h'. O
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From Quasi-inverses to Half Adjoint Equivalences

Theorem
For f : A— B, ishadj f is a proposition.

Proof.
Assume ishadj f is inhabited.

ishadjida~ > Y ) idall ~e

g:B—An:g~idp e:g~ida

~ )" idafrefl] ~ &

e:idg~idg

~ Z refl ~ ¢

e:ida~ida

Apply based homotopy induction.
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Full Adjoint Equivalences

Definition
For f : A — B, the data of a full-adjoint equivalence is

adj f .= Z Z Z fn] ~er x ng ~ glel.

g:B—A ngf~idy e:fg~idg
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adj is not a proposition

Theorem
For f : A— B, an equivalence,

adj £ ~ [ ] refl, = refl,.
x:A

Proof.

adjiida= Y > > ida[n] ~exng~gle]

g:B—A nig~idy e:gridg
> idafrefl] ~ & x refl ~ ida[e]

eiida~idp

Z refl ~ & X refl ~ idale]

eiida~idp

12

12
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adj is not a proposition
Theorem

For f : A— B, an equivalence,

adj f ~ [ [ refl, = refl,.
x:A

Proof.

adjida ~ }: refl ~ & x refl ~ id ]

E:idANidA

~ > ) refl ~idale]

eiida~idy Tirefle

~ Z refl ~ ida[pryu]

U:Zs:idANidA refl~e
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adj is not a proposition

Theorem

For f : A— B, an equivalence,

adj f ~ H refl,, = refl,.
x:A

Proof.

adj ida ~ Z refl ~ ida[pryu]

”:Zs:idANidA refl~e
~ refl ~ idz[refl]

= refl ~ refl = H refl, = refl,. [
x:A
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adj is not a proposition

Corollary

adj ids2 is not a proposition.

Proof.

By previous theorem, it suffices to show [[,.s. refl, = refl, is not a

proposition. We know 7(S?) = Z, so construct h, b’ : I[L..q2 refl, = refl,
s.t.

hbase = refl reflyase

base = cell : reflpase = reflpage.

refle,,.. 7 cell so h# h'. O
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2-Adjoint Equivalences?

@ What are 2-adjoint equivalences?

2adj f(7?)
/ \
ish2adjl £(?) = ish2adj (?)
\ /’
adj f
/ \
ishadjl f = ishadj
\ /’
ginv f
Bl Gz 2 Aditin: [Epivelaness August 2020
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Finding the missing coherence

e Building blocks: g[], 74, f[0], 6f

o Candidate: gzl~0;? Does not typecheck

gf [n]

gf 0 gler]
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Naturality coherence

Lemma
For H : gf ~ idga,

Coh H : Hgr ~ gf[H].

Proof.
gfgf Fer > gf
gf[H] = H
gf m > ida
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Half 2-Adjoint Equivalences

Definition
For f : A— B, f is a half 2-adjoint equivalence if

ishoadj = > > Y ) > Cohn-gfr] ~ 6f

g:B—A ngf~idy e:fg~idg 7:if[n]~er 0:mg~gle]
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Left Half 2-Adjoint Equivalences

Definition
For f : A— B, f is a left half 2-adjoint equivalence if

ish2adj F:= > > Y Y > 75 Cohe~ f[]

g:B—A ngf~idy e:fg~idg 7:if[n]~er 0:mg~gle]
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Half 2-Adjoint Equivalences

Lemma

For f : A— B with (g,n,¢,0) : ishadjl f,

Z Cohn - g[7] ~ 0% is contractible.
T:f[n]~er
For f : A— B with (g,n,e,7) : ishadj f,

Z 7g - Coh e, ~ f[] is contractible.
0:ng~gle]
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Promoting to a Half 2-Adjoint Equivalence

Theorem
© ishadjl f — ish2adj f
@ ishadj f — ish2adjl

Proof.

Take missing coherences to be center of contraction. [

Corollary
© adjf — ish2adj f
@ adj f — ish2adjl f

Proof.

Discard coherence and use above theorem. OJ

v
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Half Two-Adjoint Equivalences are propositions

Theorem
For f : A— B, ish2adj f is a proposition.

Proof.

Assume f is a 2-adjoint equivalence.

ish2adj f = Z Z Z Z Z Cohn - g[r] ~ 6

g:B—A ngf~idy eifgnidg 1if[n]~er Oimg~glel

~ > > > > Y Cohp-glr]~o6f

g:B—A ngf~idy e:fgidg O:mgrgle] 7:f[n]~er

>, > Cohn-glr]~6

hishadjl £ 7:f[n]~er

2
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Half Two-Adjoint Equivalences are propositions

Theorem
For f : A— B, ish2adj f is a proposition.

Proof.

ish2adj f ~ Z Z Cohn - g[r] ~ 6

hiishadjl £ 7:f[n]~er

~ ) Coh(hy) - (hg)[r] ~ (he)r

7:f[n]~er

Apply previous lemma. [
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How they interact

2adj f
/ \
ish2adjl f = ish2adj f
\ /
adj f
/ \
ishadjl f = ishadj f
\ /
ginvf
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Full 2-Adjoint Equivalence

Definition
For f : A — B, the data of a full 2-adjoint equivalence is

wif=Y Y Y Y Y

g:B—A nigf~idy e:fg~idg 7:f[n]~er 0:mg~gle]
Cohn - g[r] ~ 0 x 74 - Cohe ~ f[0].
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2adj is not a proposition

Theorem
For f : A— B, an equivalence,

2adj f ~ H reflies, = refleef, -

x:A
Proof.
wig= Y Y Y Y%
g:B—A nig~ida e:ig~idg Tiida[n]~e O:mg~glel
Cohn - g[[r] ~ 0 x 74 - Coh € ~ ida[8]
~ Z refles ~ 0 X refliey ~ ida[0]
0:refl~refl
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2adj is not a proposition

Theorem
For f : A— B, an equivalence,

2adj f ~ H reflies, = refleef, -

x:A
Proof.
23dj idA = E reflreﬂ ~ 6 x I’eﬂreﬂ A idA[[G]]

0:refl~refl

~ E E I’eﬂreﬂ ~ 0
O:refl~refl A:refl,en~0

~ E refliess ~ priu
U:ZQ:refINrefl reﬂfeﬂNe
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2adj is not a proposition

Theorem
For f : A— B, an equivalence,

2adj f ~ [ [ reflrefi, = refleef, -
x:A

Proof.

2adjidy ~ Z refleeq ~ pryu
U:ZG:refINrefl refl TeﬂNe

~ reflreﬂ ~ reﬂreﬂ

= [ [ refleen, = reflen,. O
x:A
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2adj is not a proposition

Corollary

2adjidgs is not a proposition.

Proof.

By previous theorem, it suffices to show [],.cs reflieq, = reflieq, is not a
proposition. We know 73(S3) = Z, so construct
h, H : HX:53 reﬂreﬂx = reﬂreﬂx s.t.

hbase = refl refl

/ . J—
base = cell : refleq, = refleq, .

e;«écellsoh;«éh’. O

reflpace

refl refl

reflp
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Summary

@ Modularity starts at qinv

@ Formalization found on Github : 528 lines
» gebner/hott3

» Paper forthcoming

@ Sementical argument

Thank you!
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